ARTINIAN LEVEL ALGEBRAS OF CODIMENSION 3 

JEAMAN AHN^ AND YONG SU SHIN^'* 

Abstract. In this paper, we continue the study of which fe-vectors H = (1, 3, ... , hd-i, /id, hd+i) 
can be the Hilbert function of a level algebra by investigating Artinian level algebras of codimension 
3 with the condition /?2,d+2 (/'"'') = /?i,d+i(/''^''), where /'™ is the lex-segment ideal associated with 
an ideal I. Our approach is to adopt an homological method called Cancellation Principle: the 

("^ ' minimal free resolution of / is obtained from that of 7'°" by canceling some adjacent terms of the 

^S) . same shift. 

We prove that when /3i,d+2(7'°^) = /32,d+2(7'™), R/I can be an Artinian level fe-algebra only 
if either hd-\ < hd < hd+i or hd-\ = hd = hd+i = d + 1 holds. We also show that for H = 
{1, ?>,... ,hd-i,hd,hd+i), the Hilbert function of an Artinian algebra of codimension 3 with the 

("^ ' condition hd-i — hd < hd+i, 

Cn , (a) if hd < 3d + 2, then /i-vector H cannot be level, and 

(b) if hd > 3d + 3, then there is a level algebra with Hilbert function H for some value of hd+i- 

u 

< 

^ . 1. Introduction 

Let R = k[xi, . . . ,Xn] be an ra- variable polynomial ring over a field k of characteristic zero, and 
/ be a homogeneous ideal of R. The numerical function 

. , iiR/iit) ■= dimfc Rt - dimfc It 

zz^ • is called the Hilbert function of the ring R/I. 

(yQ , Recall that if n and i are positive integers, then n can be written uniquely in the form 

5: »«.-("■)-(,"") — - 



o 



i J \i — 1 



where Ui > Ui-i > ■ ■ ■ > Uj > j > 1 (see Lemma 4.2.6, [9j). 
Following [5], we define, for any integers a and b, 



S> ; f ^a (ni + a\ (ni^i + a\ (uj + a 

where C^) = for either tti < n or n < 0. 

Let H = (/iQ, hi, . . . ,hi, . . .) be a sequence of non- negative integers. We say that H is an O- 
sequence if /iq = 1 and /ij+i < ((/ii)(j))i for all i > 1. Given an 0-sequence H = (ho, hi, . . .), we 
define the first difference of H as 

AH = {ho, hi - ho, /i2 - hi, /i3 - /i2, . . . ). 
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li A = R/I is an Artinian k-algebra, then we associate the graded algebra A = k(BAi(B- ■ -(B Ag, 
[As 7^ 0) with a vector of nonnegative integers, which is an (s + l)-tuple, called the h-vector of A 
and denoted by 

H^ := H = {ho,hi,...,hs), 

where hi = dim/j Ai. We call s the socle degree of A. The socle of A is defined to be the annihilator 
of the maximal homogeneous ideal, namely 

s 

Ann^(r7T,) := {a £ A \ ma = 0} where m = > Ai. 

1=1 

Let J^ be the graded minimal free resolution of an homogeneous ideal I C R, i.e., 

T : -^ Tn-\ -^ Tn^2 -^ ■■■ -^ Ti -i- To ^ I -^ 0, 

where J^i = ©T^i R^''^{~j)- The numbers j are called the shifts associated to /, and the numbers 
(3ij are called the graded Betti numbers of /. When we need to emphasize the ideal I, we shall use 
Aj(/) for Aj. 

An algebra A is called an Artinian level algebra if the last module J-n-i in the minimal free 
resolution of A is of the form i2(— s)", where s and a are positive integers. We also say that a 
numerical sequence H = (/iq, /ii, . . . , /i^-i, /is) is a level 0-sequence if there is an Artinian level 
algebra A with the Hilbert function H. 

As for the level O-sequence, an interesting question is how to determine if a given numerical 
sequence is a level O-sequence. A great deal of research has been conducted with the aim of 
answering to this question (see e.g., [IllSlElElElITlEllIIlOlISllIHllSSllSOllalES]). In particular, 
there is an excellent broad overview of level algebras in the memoir [H]. Despite this, it is sometimes 
distressingly difficult to find ones with specific desired properties, and several interesting problems 
are still open. 

In [2], we proved that an Artinian algebra with Hilbert function H = (1, 3, /i2, . . . , hd-i, hd, h^+i) 
with the condition h^-i > h^ = h^+i cannot be level if hd <2d + 3, and proved that if /i^ > 2d + 4 
then there is a level O- sequence of codimension 3 with Hilbert function H for some value of hd^i- 
To prove the result, we used the cancellation principle saying that the minimal free resolution of / 
is obtained from that of either Gin(/) or 7^°^ by canceling some adjacent terms of the same shift, 
where Gin(I) is the generic initial ideal of / with respect to the reverse lexicographic order and l'*'^ 
is the lex-segment ideal associated with an ideal / (see [22], [32]). 

By the cancellation principle, one knows that H = (1,3,..., kg) cannot be a level O-sequence 
if /3i,d+2(Gin(/)) < /32,d+2(Gin(/)) or /3i,rf+2(/'^") < /32,d+2(/^^") for some d < s. However, the 
problem that we wish to solve is to determine whether a given /i-vector can be a level O-sequence 
with the condition f3i^d+2{Gin{I)) = /32,d+2(Gin(I)) or Pi,d+2{I^'^^) = P2,d+2{I^^^)- In this case, it is 
known that an Artinian algebra A = R/I of codimension 3 with Hilbert function H = (l,3,...,/ic,) 
cannot be a level algebra (Theorem 3.14, [2]) if 

(a) /3i,d+2(Gin(/)) = /32,d+2(Gin(I)) for some d < s, or 

(b) /5i,d+2(-/^^'^^) = l^2,d+2{l'^'^^) with the condition h^-i > hj, = /i^+i for some d < s. 

From this result, we wish to determine what Hilbert functions can be an Artinian level O- 
sequences with the condition 

/3i,d+2(/''=") = P2,d+2{l'n for some d < s. (1.1) 

We first prove that R/I can be an Artinian level /c-algebra only if either h^-i < hd < /i^+i 
with Ahd = Ahd+i, or h^-^i = hd = hd+i = d+ 1 with the condition (jl.ip (see Theorem 13.31 and 
Corollary 13. 8|) . Using these results, we also prove that for H = (1, 3, . . . , /i^-i, hd, /id+i), the Hilbert 
function of an Artinian algebra of codimension 3 with the condition hd-i = hd < /id+i, 
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(a) if hd < 3d + 2, then /i-vector H cannot be level, and 

(b) if /id > 3d + 3, then there is a level algebra with Hilbert function H for some value of /i^+i. 

In Section 2, we introduce some preliminary results and background materials which will be used 
throughout the remaining part of the paper. In Section 3, we make use of cancellation in resolutions 
to study Artinian level algebras of codimension 3 with the condition (11. ip . Finally, Section 4 is 
devoted to investigate Artinian level or non- level algebras with the condition /irf_i = h^ < /i^+i. 

We use a computer program CoCoA [33j to build some of examples (e.g., Examples 13.61 and 14. 6p . 
with the fact that a differentiable O-sequence can always be a truncation of an Artinian Gorenstein 
0-sequence (see [Il[l5l[l6l[I71[l9l[20l[23l[2l]). 

2. Background and Preliminary Results 

In this section, we introduce some important results and recall some results of Macaulay, Green, 
and Stanley. 

Theorem 2.1 (|21|. Chapter 5 in |29|). Let L he a general linear form in R and we denote by h^. 
the degree d entry of the Hilbert function of R/I and id the degree d entry of the Hilbert function 
of R/{I,L). Then, we have the following inequalities. 

(a) Macaulay 's Theorem: h^+i < ((/id)(d))-, • 

(b) Green's Hyperplane Restriction Theorem: i^ < ((/irf)(rf)) „. 

For any homogeneous ideal I oi R = k[xi, . . . , Xn], note that the Hilbert function does not change 
by passing to Gin(/) or / , and we have 

HUI) < /3g,*(Gm(/)) < Mi'n 

(see [DiaEaESlElJ). In particular, if /3g,i(Gin(/)) = or /39,i(/^"^) = 0, then /3,,,(/) = 0. 

In [25], they introduced the s-reduction number rs{R/I) of R/I and have shown the following 
lemma. 

Lemma 2.2 ([T] |25]). For a homogeneous ideal I of R and for s > diin{R/I), the s-reduction 
number rs{R/I) is given by 

rs{R/I) = min{£ | Hilbert function of R/{I + J) vanishes in degree £ + 1} 

= min{^ I x^^_\ G Gin(/)} 

= rs{R/GmiI)) 

where J is generated by s general linear forms of R. 

Now we continue to introduce some lemmas and theorems that will be used to prove the main 
results of this paper. 

Lemma 2.3 (Lemma 3.2, [2|). Let A = R/I be an Artinian algebra and let L be a general linear 
form. Suppose that dim^.((/ : L)/!)^ > (n — 1) dim^.((/ : L)/I)ci+i for some d > 0. Then A has a 
socle element in degree d. 

We denote by Q{I) the set of minimal (monomial) generators of / and Q{I)d the elements of Q{I) 
having degree d. For a monomial T = x'^ ■ ■ ■ x^" E R, define 

m[T) := max{j | Oj > 0}. 
Theorem 2.4 (Eliahou-Kervaire, [E]). Let I be a stable monomial ideal of R. Then we have 



'',..(')- E H") 
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Lemma 2.5 (Lemma 3.8, [2]). Let J he a stable ideal of R. Then we have 

dimfc ((J : Xn)/J)a-i = \{T e G{J)d \ Xn divides T}\. 

We now recall the well known result in [22j, from which the generic initial ideal with respect 
to the degree reverse lexicographic order is extremely well-suited to the quotient by general linear 
forms. 

Proposition 2.6 (Corollary 2.15, [22J). Consider the degree reverse lexicographic order on the 
monomials of R = k[xi, . . . ,x„]. Let L be a homogeneous ideal in R and H be a general linear form 
in R. Then 

Gm{L+{H)/{H)) = (Gin(/) + (x„))/(x„). 

Remark 2.7. Let / be a homogeneous ideal oi R = k[xi, . . . ,x„] and L be a general linear form 
in R. Using Proposition 12.61 and the exact sequence 

-^ R/{L:L){-1) ^ R/L -^ R/{I,L) -^ 0, 

we have 

dimfc(/ : L)t = dim^ (Gin(/) : Xn)t 
U{R/{L,L),t) = lliR/{Gm{I),Xn),t) 
dimfc((/ : L)/L)t = dim^ ((Gin(/) : x„)/Gin(/)), 
for t > 0. 

Remark 2.8. Let / be the lex-segment ideal associated with a homogeneous ideal L m R = 
k[xi, . . . ,Xn] and L be a general linear form in R. Then, by Theorem 2.4, p3], we have the 
following equality 

H(i?/(/i-,L),d) = (H(i?//i-,d)(rf))-J. 

In this case, we may assume that x„ is general with respect to l'*'^. Indeed, for d > 1, we have 

(H(i?//,d)(,))-i = (H(i?//i-,a!)(,))-i 

= H(i?/(/i^^,L),(i) (by Theorem 2.4, |13]) 

= H(i?/(Gin(li'=^), x„), d) (by Proposition EJ and RemarkEZ]) 

= H(i?/(/''=^,x„),d) (by Lemma 2.3, tlOj). 

The following lemma shows that we can write some of Betti numbers of the lex-segment ideal 
associated with a height three ideal / with respect to binomial expansion of the Hilbert function. 

Lemma 2.9. Let A = R/L be an Artinian ring of codimension 3 with Hilbert function H = 
{ho, hi, ... , hg). Suppose that /i^ < ( ^ ) . Then, we have 

(a) /32,d+2(/'°") = ha-i -hd + {{hd)id)rl 

(b) /3i,d+2(/^^^) = {{hd)^a))\ + hd- 2/id+i + {{hd+i)id+i)rl- 

Proof, (a) From the following exact sequence 

^ ((/^^^ : a;3)//"=^)d-i ^ (i?//'^^)d-i ^ (i?//'^^)d ^ (i?/(/^^^X3))d ^ 0, 
we have 

Ii24+2{l'n = 

= dim((/'<'^ : rE3)//^^^)d_i (by Lemma [23 
= hd-i-hd + {hd)~l (by Remark ESD 

as we wished. 

(b) Since /^^^ is a lex-segment ideal associated with an ideal / of R, we see that 

/?0,d+l(-f '''') = {{hd)(d))l ~ ^d+l- 
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/32,.+2(/'-) = Et,,(,..),("^^?"') (by Theorems: 

'•'^ ■ r-.W/'l^^^j 1 rbv T,eTnTna,[231> C^'^) 



Let Q{I )(i+i be the set of minimal generators of I in degree d + 1. Then, 



/3m+2(/^^^) = Yl 






(by Theorem [27 






-i 









+ 



E 



TGe(/l<=-)d+i,m(T)=3 



(D 



|a(/''=")d+i| + \{T G e(J)d+i I X3 divides r}| 
{since ha <CY): 4^HQ{l'''')d+i) 



rlex\ 



= |a(/''")d+i| + dimfc((/i- : X3)//'^--jd 

= (((M(d))}-/ld+l)+/32,d+3(/'^^) 

= ((^c/)(c/))i - ^d+1 +hd- hd+l + ((/ld+l)(d+l))"o 

= ((^d)(d))l ~ 2/l(i+i + /id + ((/ld+l)(d+l))"o' 

as we wanted to prove. 



(by Lemma [22 
(by equation (j2.ip ) 
(by Lemma [2791 (a)) 
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3. 0-SEQUENCES WITH THE CONDITION ON Pi 4+2{I^'''^) = P24+2 

First, we investigate if some Artinian 0-sequence with the condition 

/3i,d+2(/'^^)=/3: 
is level. 



{I 



Iex"\ 



n4+2{I''^) 



Lemma 3.1. Let A = R/I he an Artinian ring of codimension 3 with Hilbert function H = 
{ho, hi, ... , hs). Suppose that for some d < s, 

(a) /3i,d+2(/'^") = I32,d+2{l'n > 0, and 

(b) /32,d+3(/'°") > 0. 
Then A is not level. 

Proof. Assume that there exists an Artinian level algebra A with Hilbert function H, and let 
/ = {I<d+i) and A = R/I. Then we have 

/3l,d+2 (/''=") = /3l,d+2(/'^'^), 
P24+2{l'n = P2,d+2{l'n. and 

P2,d+^{l'n = /32,d+3{l'n- 

Hence, the assumption f]i^d+2{I^'^^) = P2,d+2{I^'^^) and /32,d+3(/^'^^) > imphes that 

/3i,,+2 (/''")= /32,d+2 (/''"), and (3.1) 

/32,d+3(/'^^)=/32,d+3(/'^^)>0. (3.2) 



Since A is level and It = {I)t for every t < d + 1, 

= j32,d+2{I) = dimfc soc(^)d_i = dim^ soc(A)d_i = j32,d+2{I)- 
Furthermore, using Lemma 2.9 in [2J, we have the following equality 

PlA+2{Pn - f3l,d+2{I) = [I30,d+2{l'n - P0,d+2{I)] + [f32,d+2{l'n " f32,d+2{I)]- 

Hence it follows from equations (j3.ip and l\3.3\i that 

-/3l,d+2(/) = Po,d+2{Pn - P0,d+2{I) > 0, 
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(3.3) 



which means that /3o,rf+2(-^*^^) = l3o,d+2{I) = since / is generated in degree d+l. This concludes 
from Theorem 12.41 that 

In other words, any cancellation on shifts is impossible in the last free module of the minimal 
free resolution of R/I^^^ in degree d, and thus we have that /32,d+3(-/^'^^) = P2,d+^{I) > 0. Hence A 
has a socle element in degree d, and so does A, which is a contradiction, as we wanted. D 

Example 3.2. Consider an Artinian 0-sequence H = (1,3,6,10,15,16,18). Then the minimal 
free resolution of R/I^'^'^ with Hilbert function is 

-^ R^{-7)®R{-8)®R^^{-9) -^ R^{-6)®R^{-7)(S)R^^{-8) 
-^ i?^(-5)ei?(-6)ei?2i(_7) ^ R ^ R/I^^^ -^ 0. 

Then 

/32,7(/''") = /3i,7(/''") = 2 and ^2^1'^ = ^- 
By Lemma |3. 11 any Artinian ring with Hilbert function H cannot be a level algebra. 

Theorem 3.3. Let A = R/I he an Artinian ring of codimension 3 with Hilbert function H = 
(ho, hi,... , hd-i,hd, hd+i). Suppose that 

Pi,d+2{l'n = P2,d+2{l'n > for some d < s. 
If A is level, then 

(a) hd-i = hd = hd+i = d+l, or 

(b) hd-i <hd< hd+i- 

Proof. We shall prove this theorem using the contrapositive. 

(a) Assume hd-i = hd = /irf+i- First if hd < d, then {{hd)[d))~Q = ^'^id thus, by Lemma [T9t we 
have that 

< /32,d+2(/''") = hd-i -hd + {{hd)^d)rl = 0' 
which is impossible. 

Second, ii hd > d + 2, then {{hd+i) (^d+i))^ o ^ 1 ^-iid thus, by Lemma [TU] again. 

f32,d+3{I '''') = hd - hd+i + {{hd+i) (d+l)) 
= i{hd+i)(d+i)yl > 0. 
Hence, by Lemma |3. 11 A is not level. 

(b) Now suppose hd-i, hd and hd+i are not the same, and (b) does not hold. There are five cases 
to be considered. 

Case 1. If hd-i > hd = /i^+i, then by Theorem 4.5 in [2j, A is not level. 
Case 2. If /i^-i > hd > hd+i, then hd+i < C'^^t^'^^) and thus, by Lemma [2Jl 
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/32,d+3U''") = hd-hd+i + Uhd+i"^-^ 



> hd — hd+i 

> 0. 

Hence, by Lemma |3.H A is not level. 

Case 3. Suppose that hd~i > hd < /id+i- For this case, we shall use the reduction number ri{A). 
Assume ^1(74) < d. Note that, for a general linear form L in R, it follows from Lemma 12.21 that 

H(i?/(/,L),t) =0 for t>d. 

For such t with the following exact sequence 

^ {{I:L)/I)t-i{-l) ^ {R/I)t-i{-l) ^ {R/I)t ^ 0, 
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we have 

ht-i = ht + dimfc((/ : L)/I)t-i > h- 
So /id_i >hd> hd+i, which is not the case. Thus, we now assume that ri{A) > d. 

Suppose that A is level and let L be a general linear form in i? = k[xi,X2-,x^]. Now consider the 
exact sequence 

^ ((/:L)//),_i(-l) ^ {R/I)d-i{-l) ^ {R/I)d ^ {R/{I,L))a ^ 0. (3.4) 

Since d < ri{A), we see that dim(i?/(/, L))c[. > 0, and so 

dim((/ : L)/I)d-i = hd^i -hd + dim(i?/(/, L))d (by equation ([331)) 
> dim(i?/(/,L))rf >0 (since /id_i > /id). 

Moreover, since A is level, we have 

< dim((/ : L)//)rf_i 

< 2dim((/:L)//)d (by Lemma EJ (a)) 
= 2dim((Gin(/) :2;3)/Gin(/))d (by Remark EZ]) 

= 2/32,d+3(Gm(/)) (byLemmaESD 

< 2/32,d+3(-^^°'') (by the theorem of BHP in [i [261 EI] ) . 
Thus, by Lemma |3.H A has a socle element in degree d, which is a contradiction. 
Case 4- If hd-i < /i^ > /i^+ii then 

I32,d+3il'n = hd- hd+i + {{hd+i)(d+i)rl > 0- 
Hence, by Lemma |3. 11 A is not level. 
Case 5. Suppose hd-i < hd = hd+i- li hd < d then ((/id)(d)) q ~ 0, and thus 

< /32,d+2(/'"") = hd-i -hd + ((/id)(d))"o < 0' 
which is impossible. Hence hd> d+ 1. 

Uhd = d + l, then {{hd){d))~o = 1' ^^^ so 

hd > hd-i 

= hd-{{hd)^d))'l + P2,d+2{l''''') (by Lemma E2](a)) 

= id+l)-l + (32,d+2{l''n 

> d + 1 (since /32,d+2 (/'"")> 0) 

= hd. 



which is impossible. Thus we have hd > d + 2, that is, {{hd+i) (d+i)) o — I- Then, by Lemma 
(a), we obtain 

I32,d+3il'n = hd- hd+i + iihd+i)id+i)rl > 0. 
Therefore, by Lemma |3. 11 A is not level, which completes the proof. D 

The following example shows that there exists an Artinian level O-sequence which satisfies the 
condition hd-^i = hd = /id+i = d+ 1. 

Example 3.4. Let I = (j;^, a^^) + {xi,X2,X3y . Then the Hilbert function of R/I is 

(1,3,5,6,6,6,6) 

and the reduction number ri(R/I) is 

min{^ I x^+^ G /} = 2. 

Moreover, it is immediate that 

soc(i?//) = {R/I)e, 



and so the minimal free resolution of R/I is 

-^ R{-9f -^ i?(-5)ei?(-8)^2 ^ ^(_2)©i?(_3)©i?(_7)6 
-> R -^ R/I -^ 0. 

Note that the minimal free resolution of R/I^'^^ is 

-^ R{-Q)®R{-7)®R^{-9) 

-^ R{-A) e i?2(_5) © r2{-6) e R{-7) e R^^{-8) 

-^ i?(-2)ei?(-3)ei?(-4)ei?(-5)ei?(-6)eiz6(-7) ^ i? ^ ii//'<=^ ^ o. 

This means that R/I is an Artinian level algebra with the condition /14 = /is = /ig = 5 + 1 , and 

/3i,5+2(/"^^)=/32,5+2(/^^^) = l. 

Remark 3.5. In Example 13.41 we constructed an Artinian level algebra R/I which satisfied the 
condition hd-i = hd = /id+i = d + 1 and I3i^d+2{I^'^^) = f^2,d+2{I^^^) > 0. The following are 
other examples of Artinian level O-sequences which satisfy the condition hd-i < hd < hd+i and 
/3l,rf+2 (/'<'") =/32,d+2 (/'"=") >0. 

Example 3.6 (CoCoA). We provide two examples of our results via calculations done by CoCoA. 

(a) Consider a differentiable O-sequence H = (1,3,6,10,13,15,17,19,20) and an Artinian 
algebra R/I with Hilbert function H. Then the minimal free resolution of R/I^'^^ is 

-^ i?(-7)ei?(-10)eit'20(_ii) 

-^ Ri-5) e R^{-6) © R{-7) R^{-9) R^^i-W) 

-^ R^i-4:)eRi-5)(BRi-6)eRi-8)®R^\-9) -^ R/P^^ -^ 0, 

and hence 

(32j{l'n = I3ij{l''n = 1. 

Moreover, the sequence H is a level O-sequence since any differentiable O-sequence can be 
a truncation of an Artinian Gorenstein O-sequence. 

(b) Here is another differentiable O-sequence H = (1,3,6,10,12,14,16,18,19,20), which is 
also a level O-sequence by the same argument as in (a). Furthermore, the minimal free 
resolution of R/I is 

-^ i?(-6)©i?(-lO)0i?(-ll)ei?2O(_i2) 

-^ R^{-5) © R{-6) i?2(_9) © R^{-10) R^^{-n) 

-^ R^{-4.)eR{-5)eR{-8)eR{-9)(BR^^i-10) ^ R ^ R/^"" -^ 0, 

and thus 

/32,6(/'^^)=/3l,6(/'^^) = l. 

Remark 3.7. In Example 13. 6| both examples show that Ahd = Ahd+i- From this observation, we 
obtain the following result. 

Corollary 3.8. Let A = R/I be an Artinian ring of codimension 3. Suppose that 

/3i,d+2 (/''") = /32,d+2(/''=") > for some d < s. 
If A is level and hd-i < hd < /i^+i, then Ahd = Ahd+i- 

Proof. Note that it suffices to prove that Ahd = Ahd+i for hd-i < hd < /i^+i. 
Suppose that A is level. Using Lemma [3Tl we see that 

I32,d+3il'n = 0. (3.5) 



Ki < 



(3.6) 



Furthermore, it is a simple consequence of Eliahou-Kervaire (Theorem 12. 4p that /92,d+2(-^ ) > 
imphes /3o,d(-^'''^) > 0- Hence we have 

2 ;■ 

Since h^ < /i^+i, one can easily check that d + 1 < /i^+i and thus d + 1 < /i^+i < ( 
Then the {d + l)-binomial expansion of hd+i is of the form 

where 5 >1. It follows from Lemma 12.91 (a) and (13. 5p that 

A/irf+i = ((/lrf+i)(d+i))"o ~ l^2,d+3{I '''') = ((/id+l)(d+l))"o- (3-8) 

Now we consider the case c < d only in equation (13. 7p . Indeed, if c — 1 < d < c, then we have 



{h. 



( f2 + d\ /3\ /2^ 

.+ 1 +-+2 + 1/' 



'd+l){d+l) 



+ ' 3) + (2) + (! 



if d = c — 1, 
if d = c. 



'2 + d 
\\d+l 

Using Pascal's identity and equation (13. Sh for both cases, we have 

'''=[ d 
which contradicts equation ()3.6p . Hence, by equation ()3.8p . 

hd = hd+i - iihd+i)(d+i)) 

r /I + d\ /I + (d - (c - 1))\ n + {d-c 

d ) V d-(c-i) yV d-c 

l + d\ /i + (d-(c-l))\ /d-c\ .^-^-l 

dy^ ^V d-{c-l) J \d-cj \6-l 



if 5 = 1, 
if 5 > 1, 



I.e., 



i{hd){d))l 



(fl + {d+l)\ n+{d-{c- 2))\ /l + {d-{c- 1)) 

(d+1) ^^■■■^V id-{c-2)) J^\ (d-(c-l)) 



Thus 



iihd)(d))i-hd+ 



(d-(c-2)) J \d-{c-l) 
fl, if (5 = 1, 



if J = 1, 
if (5 > 1. 



;(d);. ■-.^. i^Q^ if,5>l. 

Moreover, by Lemma 12.91 (b). 

< /3i,d+2(/^^") 

= i{^d)(^d))i + ^d-2hd+i + {{hd+i)(d+i)) 

= ((^rf)(d))i - ^d+i - A/id+i + ((/id+i)(rf+i))"|^ 

= i{f^d){d))i - ^d+i (by equation ([HS]))- 



This means that 

^i,d+2{l'n = iihd)^d))\-hd+i = l and 6 = 1. (3.9) 

In other words, 

Hence, ((/id+i)(d+i)) o ~ ^ ^^'^ ((^d)(d)) o = c+ 1, and so we obtain 

A/id = ((M(d))"o-/32,d+2(/''=") (by Lemma [221(a)) 

= c + 1 - /3i,rf+2(/i'=^) (since f3i,d+2{l''n = /32,d+2(/'^") > 0) 



= c (by equation (j3.9p ) 

= ((^d+l)(d+l))"o 

= A/irf+i, (by equation (13. 8|) ) 

as we wished. D 

Example 3.9. Let ii// be an Artinian ring with Hilbert function H = (1, 3, 6, 10, 15, 16, 18, 20). 
Then the minimal free resolution of R/I^^^ is 

-^ i?2(-7)ei?(-8)ei?20(-l0) ^ R^{-6)®R^{-7)(BRi-8)®R^^{-9) 

-^ i?5(-5)ei?(-6)ei?(-7)ei?22(_8) ^ ^ ^ _R//lex ^ q_ 



Thus 

/32,7(/^'") = /3i,7(/''") = 2 and A/15 = 1 / 2 = A/ig. 
By Theorem 13.81 ^W Artinian ring R/I with Hilbert function H cannot be level. 



4. O-SEQUENCES WITH ThE CONDITION h^-i = h^ < hd+l 

In this section, we consider Artinian 0-sequences with the condition /i^-i = h^ < /id+i. To 
describe an Artinian 0-sequence with this condition, we begin with the following lemma. 



en 



Lemma 4.1. Let c and d be positive integers satisfying (i < c < ( 2 )• ^^' 

(c(d))"o-(c(d))} + c = 0. 

Proof. Without loss of generality, we assume that 

(l + d\ fl + d-a\ fd-(a + l)\ (S 

^(^) = l d )+•••+( d-a J + U-(a + l)h---+U 

Then we have 

((c)(d))~o = « + !' and 
{{c){d))\-c = a + 1, 

and thus 

((c)(d))"S-((c)(rf))l+c = 0, 

as we wished. D 

The following result is an useful criterion to determine if A is level. 

Proposition 4.2. Let A = R/L he an Artinian ring of codimension 3 with Hilbert function H = 
{ho, hi, . . . , hg). Suppose that hd^i = hd < hd+i for some d < s. Then A is not level if 

{{hd+i)(d+i)rl < 2(A/id+i). 
10 



Proof. Since h^-i = h^, we get /i^ < ( "^ ). If h^ < d, hy Macaulay's Theorem we have h^+i < d = 
hd- So we may assume that d < h^ < { ^ ) ■ Hence ((/id)(d)) o > ^■ 
Since {{hd+i) {d+i))~ o < 2(A/irf+i), we obtain that 

/52,d+2(/^"") = hd-i-hd + {{hd)id)yl (by Lemma [23] (a)) 
= iihd){d))~o 

= i{hd)id)rl + (3i,d+2ii'n - i{hd)id))\ -hd + 2hd+i - iihd+i)id+i)yl 

(by Lemma [2J](b)) 
= md)id)rl - iihd)^d))i + hd) + {2Ahd+i - ((/i,+i)(,+i))i) + /3i,rf+2(^'^^) 
> {{ihd)(d)rl - iihd)(^d))i + hd) + /3i,d+2(/'<'^) (by LemmaSI]) 

= /3l,rf+2(I^^^). 

If /32^d+2{I ) > f^i,d+2{I ), then A has a socle element in degree d — 1, which means A is not 
level.' If 

P2,d+2il'n = Pl,d+2il'n = {ihd)id))-l > 0, 

by Theorem 13.31 A is not level, which completes the proof. D 

Example 4.3. Consider an O-sequence H = (1, 3, 6, 10, 15, 15, 16). Then 

2 = ((16)(6))-J<2A/i6 = 2. 
Therefore, by Proposition 14.21 any Artinian algebra with Hilbert function H cannot be level. 

Before we construct an Artinian level O-sequence with the condition {{hd+i) (d+i))o > 2{Ahd+i), 
we introduce the theorem of larrobino to obtain a new level O-sequence from the given level-O- 
sequence. Moreover, let us recall the main facts of the theory of inverse system, or Macaulay 
duality, which will be a fundamental tool to build an example. For a complete description, we refer 
to [22] and [28]. 

Let S = k[yi, . . . , y„] and consider S as a graded R = k[xi, . . . , x„]-module where the action of 
Xi on S is partial differentiation with respect to yj. Then there is a one to one correspondence 
between graded Artinian algebras R/I and finitely generated graded i?-submodules M in S, where 
/ = Ann(M) is the annihilator of M in R, and conversely M = I^^ is the i?-submodules of S which 
is annihilated by /. 

Theorem 4.4 (Theorem 4.8A, [27]). Let H' = {hQ,hi, . . . ,hs) he the h-vector of a level algebra 
A = R/Ann{M). Then, if F is a general form of degree s, the level algebra B = R/Ann{{M,F)) 
has the h-vector H = {Hq, Hi, ... , Hg) where 

- 1 + s — i\ fr — 1 + i^ 



Hi = min { hi + 

s — I I \ I 



for i = 1, 



The following theorem shows that there is an Artinian level algebra whose Hilbert function 
satisfies the condition 

hd-i =hd < hd+i and {{hd+i) (d+i))~l > 2{Ahd+i). 

Theorem 4.5. Let H = (1, 3, /i2, . . . , hd-i, hd, hd+i) be an O-sequence satisfying 

hd-i = hd < hd+i- 

(a) If hd <'id + 2, then H is not level. 

(b) // hd > 2>d -\- 2>, then there exists an Artinian level algebra with the Hilbert function H for 
some value of hd+i . 
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Proof, (a) Case 1. Suppose that hd < 3d. Since 



l + d 



+ 



+ 



and hd+i < ((/id)(rf))i, we see that i{hd+i)(d+i)yl < 2. Hence, 

i{hd+i)id+i)rl < 2 < 2Ahd+i. 
Therefore, by Proposition 14.21 H cannot be a level O-sequence. 



+ 



+ 



2+d\ 



Case 2. Suppose that 3d < hd < 3d + 2. If hd = 3d, then hd-i = hd = 3d < y ^ 
and 

^^'^)(^)=CdVG-i)+Ci2 



Hence d > 3 



2 + d\ (l + d\ 
1 + J+ d ' + 



(^_-|^j, that is, ((/id+i)(d+i)) < 3. 



This implies that 

hd+i < {{hd){d))\ ■ 
By the similar argument as above, we obtain 

((^d+l)(<i+l))"o - 3 

for /irf = 3(i + 1 or 3(i + 2 as well. 

If hd+i > hd + 2, i.e., A/i^_|_i > 2, then we see that 

iihd+i)id+i)rl < 3 < 4 < 2Ahd+i, 

and thus, by Proposition 14.21 A is not level. 

We now assume that /i^+i = hd + 1. Then, it follows from Lemma 12.91 that 



hd 


3d 


3d + l 


3d + 2 


Pi,d+2{i''n 


3 


3 


4 


h4+2{l'n 


3 


3 


3 


/32,d+3(/^'") 


1 


1 


2 



By Lemma l3. II it is enough to prove that H is not level for the case where 

hd = 3d + 2 and /id+i =3d + 3. 

Assume that there is an Artinian level algebra A = R/I with Hilbert function H. By Lemma |2. 9 
the Betti diagram of R/I^^^ is as follows. 



total 


1 - 


- 


- 





1 . 






d-l 


* 


* 


3 


d 


. 2 


4 


2 


d + 1 


* 


* 


* 



Let J := {I<d+i)- Note that /^°^ and J^^^ agree in degree < d+1. We then rewrite the Betti 
diagram of R/J as follows. 
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total 


1 


- 


— 


- 





1 








d-l 




* 


* 


3 


d 




2 


4 


2 


d + 1 




a 


b 


* 



Since R/I is level and {I<d+i) has no generators in degree d + 2, we have 

< a < 1 (by the cancellation principle). 

Case 2-1. If a = 0, then by the result of Eliahou-Kervaire (Theorem I2.4p . we have 6 = 0, which 
means R/{I<d+i) has a two dimensional socle element in degree d, so does R/I. This is a contra- 
diction. 

Case 2-2. If a = 1, then J^'^^ has one generator in degree d + 2. Define 

/irf+2:=H(i?/jl-,d + 2). 
Then we have 

hd+2 = {{hd+i){d+i))\ - 1 = ((3c^ + 3)(rf+i))l - 1 = 3(i + 5, i.e., 
(.{hd+2)(d+2)rl = ((3d + 5)(rf+2))^o = 2. 
Hence, from Lemmas 12.51 and 12.91 we have 



dimfc((/*^- : X3)/f'^)d+i = I { T G e( J^^")d+2 | X3 divides T } 



/52,d+4('^°'') 

^d+1 - hd+2 + iihd+2) {d+2)y 

0. 



(4.1) 



Since x^ ^ ^(>^ )d+2! by Theorem 12.41 and equation (|4.ip . we find 



m(T) - 1 
1 



1. 



b = /3i,d+3iJ'n= E 

Using the cancellation principle, we know R/J has at least one socle element in degree d. Since R/I 
and R/J agree in degree < d-\-l, R/I has also a socle element in degree d. This is a contradiction. 

(b) Applying Theorem 14.41 to a differentiable O-sequence 

d-th 

H' = (1, 3, 6, ... , 3{d -!) + {£- 3), 3d + (£ - 3), 3(d + 1) + (^ - 3)) 
with £ > 3, we obtain an Artinian level O-sequence 

'4\ /d + 1 



Hd^i = min <j 3(d - 1) + (^ - 3) + ( , > ^ 2 

3\ /(i + 2 
V'V 2 



i^, 



i^, 



d+l 



min ^3d+{i-3) + 
min I 3(d + 1) + (^ - 3) + 



3d + i, 

3d + £, and 

3d +{£+!), 



as we wished. 



D 
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Example 4.6. Consider a differentiable O-sequence H' = (1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 58, 61, 64), 
which is an Artinian level O-sequence. By Theorem 14.41 we can construct a new level O-sequence 
as follows. 

H = (1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 64, 64, 65), 
which satisfies the following two conditions 

hio = hu<hi2 and 6 = ((65)(i2))"q > 2A/ii2 = 2. 

The above example 14.61 also shows that there is an Artinian level algebra whose Hilbert function 
satisfies the conditions 



h 
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^n < h\2 and 64 = /iii > 3(i = 3 • 11 = 33 



If we couple our previous work done in [2] with the results of the previous and this sections, we 
obtain the following result. 

Theorem 4.7. Let R/I he an Artinian ring of codimension 3 with Hilbert function H = (/iq, hi, ... , h^+i) 
Then, 

(a) if hd-i > hd = /id+i with h^ < 2d + 3, then R/I is not level, 

(b) if hd^i > h(i = hd+i with hd > 2d + A, the R/I is level for some value of h^-i, 

(c) if h(i^i = h(i < /id+i with h^ <2>d + 2, then R/I is not level, 

(d) if hd-i = hd < hd+i with hd>3d + 3, then R/I is level for some value of hd+i, 

(e) if R/I is level and /3i,d+2(/^'=^) = /32,d+2(/^^''), then 

(i) hd^i = hd = hd+i = d+1, or 
(ii) hd-i < hd < hd+i and Ahd = Ahd+i." 
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